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Abstract 



A set partition is said to be {k, (i)-noncrossing if it avoids the pattern 12 ■ ■ ■ kl2 ■ ■ - d. 
We find an exphcit formula for the ordinary generating function of the number of 
\ {k, (i)-noncrossing partitions of {1,2,..., n} when d = 1,2. 
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1. Introduction 



A partition H of the set [n] = {1, 2, . . . , n} is a collection Bi, B2, . . . , Bd of nonempty 
disjoint subsets of [n]. The elements of a partition are called blocks. We assume that 
00 I Bi, B2, . . . , Bfi are listed in the increasing order of their minimum elements, that is 

minSi < mini?2 < ■■■ < mini?,^. The set of all partitions of [n] with d blocks is 
O ■ denoted by P{n,d). The cardinality of P{n,d) is the well-known Stirling number of 

the second kind [5], which is usually denoted by S{n,k). Any partition H can be 
written in the canonical sequential form 111112 ■ ■ ■ T^n, where i G B^^. (see, e.g. From 
now on, we identify each partition with its canonical sequential form. For example, if 
• H = {1, 4}, {2, 5, 7}, {3}, {6} is a partition of [7], then its canonical sequential form is 

TT = 1231242 and in such a case we write H = vr. 

The reduced form of a word vr on the alphabet {ai, 02, ... , a^}, where ai < 02 < ■ ■ ■ < 
a^, is a word tt' obtained by renaming the letters of vr. Specifically, the letter a, is 
renamed i for all i = 1,2, . . . ,d. For example, the reduced form of the word 135351 is 
123231. We say that a partition H avoids r = ri ■ ■ ■ if its canonical sequential form 
TT = 111112 ■ ■ - Hn does not contain a subsequence vr' = tTj^ ■ ■ -Trij., such that the reduced 
form of n' equals the reduced form of r. For example, the partition ir = 1231242 avoids 
12321. 

In in [5], Klazar proved that the number of noncrossing partitions of [n], that is parti- 
tions avoiding 1212, and the number of nonnesting partitions of [n],that is partitions 
avoiding 1221, are given by the n-th Catalan number ^^(^^)- These results of Klazar 
have been extended in several recent directions. For instance, Chen et al. [21 [3] studied 
m-regular noncrossing, /c-noncrossing and /c-nonnesting partitions. Recall that a par- 
tition H is called m-regular if \xi —X2\ > m, for any two distinct elements Xi,X2 in the 
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same block of 11. A partition vr is called k-noncrossing if it avoids 12 ■ • ■ kl2 ■ ■ ■ k and 
k-nonnesting if it avoids 12 ■■■ kk ■■ ■ 21. For further works on this subject, the reader 
is referred to Sagan |7j and the references therein. 

In this paper, we generalize the concept of fc-noncrossing partitions to {k, (i)-noncrossing 
partitions. A partition is said to be {k, d)-noncrossing if it avoids 12 ■ ■ ■ kl2 ■ ■ ■ d. Let 
■^k,d{n) be the set of all (fc, (i)-noncrossing partitions of [n]. Note that Mk,k{n) is the 
set of fc-noncrossing partitions of [n] (see [3]). 

For c? = 0, it is easy to see from the definitions that the number of {k, 0)-noncrossing 
partitions of [n] is the same as the number of partitions of [n] with at most k — 1 blocks. 
Thus, 

k-i 

i^Af,^,{n) = Y,S{n,t), 

i=0 

where S{n, i) is the Stirling number of the second kind. In this paper we give a complete 
enumeration for two cases of (n, (i)-noncrossing partitions, in which d is either 1 or 2. 
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Table 1. Number the (/c, 2)-noncrossing partitions of [n] for k = 
2, 3, 4, 5, 6 and n = 0,1,..., 12. 

Tabled] presents the number of {k, 2)-noncrossing partitions in Vk{n) = Afk^2{n), where 
k = 2,3, 4, 5, 6. We will show that the ordinary generating function 



n>0 



for the number of partitions in Vk{n) is rational in x and a/(1 — kx^ — Ax'^. Namely, 
we prove the following result. 

Theorem 1.1. Let k >2 and let 

l-{k-2)x- ^(1 - -4x2 



Vk 



2x{l-{k-2)x) 

Then the ordinary generating function for the number of {k, 2)-noncrossing partitions 
of [n] is given by 



Vk 



where (3 



3J 



n>0 

1 and 



-ly+Hxp, 



i-1 

s=i+l 



SX 



1) 



/or z = 0, 1, . . . ,j 
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The proof of Theorem ll.H see Section 2, is based on looking at Vk{n) as a disjoint 
union of subsets Vk/{n), depending on some parameter i. Then, we obtain hnear 
recurrence relations with two indices, n and i, for the number of partitions in these 
subsets. In order to solve the recurrence relations, we make use of the kernel method 
technique (see, e.g., The subsets Vk,e{n) can be defined as the collection of all 

^-increasing partitions in Vk{n). Recall that vr = tti ■ ■ ■ 7r„ is an i-increasing partition 
of [n] a Hi = i for alH = 1, 2, . . . , £ and r^+i ^ i + Let us denote by Qi{n) the set of 
all m-increasing partitions of [n], with m < i. Directly from the proof of Theorem II. 
we can obtain a formula for the number of partitions of [n] in Qe{n). 

Corollary 1.2. Let £ > 0. The ordinary generating function for the number of parti- 
tions in Qi{n) is 

where Ptj is defined in Theorem \l.l\ 



Theorem 11.11 gives two particular results, namely k = 2 and k = 3. For k = 2, 

Y,*V2{n)x^ = 1 + = = 2/2, 

^ l-xy2 I- xy2 



where y2 = ^} ■ Thus, the number of partitions in V2{n) is given by the n-th 



2x 

Catalan number. For k 



n ^ ^ I'xys 3 — 3x — a/1 — 6x + 5x^ 



' \-x 2 l-x 

n>0 ^ ' 

where 1/3 = ^~^~2x(\-x)^^''' • follows that the number of partitions in V^in) is given 
by the n-th binomial transform of the Catalan number E"=o(^-'-)*'^"~' (^) ([i/2j) (^^^ 
P, Sequence A007317]). For k = 2, there is a combinatorial proof that the number of 
partitions in V2{n) is given by the n-th Catalan number. For k = 3, the formula above 
counts the number of Schroder paths with no peaks at even level of length n (see |6l 
Sequence A007317]). It would be interesting to find a bijective proof of this result. 

Another bonus from the proof of Theorem 11.11 is the ordinary generating function for 
the number of (A;, l)-noncrossing partition of [n]. Specifically, we prove the following 
result. 

Theorem 1.3. Let k > 2. Then the ordinary generating function for the number of 
{k,l)-noncrossing partitions of [n] is given by 

i-x + {i-x) E^=o(-l)^^^■^^A. + El"o 



i^o i-x-x{i-x) Y!;il ELo(-i)^+^'^A,, - X Eto 

where f3ij is defined in Theorem \l.l\ 
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For example, Theorem 11.31 for k = 2,3,4,5,6, gives the following ordinary generating 
functions for the number of {k, l)-noncrossing partitions of [n]: 

n>0 n>0 

7f-'V4,U"'M (l-x)(l-2a;)(l-4x) ' tf-'VS.U'iM (l-x)(l-2a;)(l-3a:)(l-5a:) ' 

n>0 n>0 

V JJzKf r-nW"- — l-15x+81g^-192x^+189x'^-53x^ 
?f-/V6,U"'M (l-x)(l-2a;){l-3x)(l-4x){l-6a;) • 

n>0 

The numbers of (/c, l)-noncrossing partitions of [n] with A; = 2, 3, 4, 5, 6 are given by 



#A/'2,l 




= 2'^-!, 








= i(3" + 3). 




#A4,i 


[n) 


= ^(4" + 6 -2" + 8), 






[n) 


= Yio(5" + 10-3" + 20 


2" + 45) 


#A4,i 


[n) 


= 7^0(6" + 15 -4" + 40 


3" + 135 



2. Proofs 

Let us denote by Fk{x) the generating function for the number of partitions in Vk{n): 

n>0 

Here, instead of dealing with recurrence relations with two indices n and i, as we 
mentioned in the introduction, we deal with recurrence relations in terms of ordinary 
generating functions with a single index i. Let us denote by Fk/{x) the generating 
function for the number of partitions in Vk,e{n): 

n>0 

Here, for the case £ = we have Fk/{x) = 1. Clearly, Fk{x) = Ei>o Pk,i{x). Our main 
result is based on the construction of linear recurrence relations with a single index 
for the ordinary generating function Fk/{x). As we will see later, since the recurrences 
contain the expression Ei>£ "^^ define for clarity 



i>e 

The expression Gk,e{x) is the ordinary generating function for the number of j-increasing 
partitions of [n], with j > i. It follows directly from the definitions that the generating 
function Gk/ix) is well-defined, since 

i-i 

Gk,e{x) = Fk{x) -^Fk^i{x). 

In our first lemma, we find the recurrence relation for Fk/{x), where 1 < i < k — 1. 
Lemma 2.1. For all 1 < i < k — 1, 

Fk,e{x) = ixGkAx) + x^. 
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Proof. Let vr = 7ri7r2 ■ ■ • 7r,„ G Vk/{n). U n > i then vr^+i < i. Thus vr G Vk{n) if and 
only if the reduced form of vr' = tti ■ ■ • 7r^7r£_(_2 ■ ■ " is a partition in ^j>{Pk,j{n — 1). 
Therefore, 

FkA^) = ix{Fk,i{x) + Fk/+i{x) H ) + = ^^^^^^(x) + x\ 

where counts the unique ^-increasing partition of [i] , namely 12 ■ ■ ■ i, as required 
by the statement. □ 

The above observation together with the the definition of Gk,e{x) gives the following 

system: 

(2.1) 



' Fk,o{x) 

xFkfi{x) + FkA{x) 
, 2xFkfl{x) + 2xFk,i{x) + Fk,2{x) 



1 

xFk{x) + X 
2xFk(x) +x'^ 



{ {k - l)xFk,o{x) + --- + {k- l)xFk,k-2{x) + Fk,k^i{x) ={k- l)xFk{x) + x''-\ 
Next, we find an explicit formula for Fk.e{x) in terms of Fk{x). 
Lemma 2.2. For allK i < k -1, 



i=0 



where Pi/ = 1 and Pi^g = ix 11^=1+1 (j^ ^ 1) /^'^ i = 0,1 



- 1. 



Proof. With the use of Cramer's Rule on (12. ip . we obtain 

{i + l)x 1 
{i + 2)x {i + 2)x 



FkA^) = $^(-l)^+'(^xFfc(x) + 
By making use of the formula 



X' 




1 



{e-i)x {e-i)x {e-i)x 

{/ nf r nr r If 



ax 1 ••• 

{a + l)x {a + l)x 1 ■■■ 

{b-l)x {b-l)x {b-l)x ■■■ {b-l)x 1 

bx bx bx ■ ■ ■ bx bx 







{£ - l)x 1 

ix ix 



b-l 



bxYlijx - 1), 



j=a 



which holds by induction on 6 > a, we obtain 



FkA^) = J2{-iy^'{ixFk{x)+x')(3,,g, 



i=0 



as claimed. 



□ 
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Now, before completing the proof of our main result. Theorem 11.11 let us present two 
applications of Lemma 12.21 The first one is the ordinary generating function for the 
number of partitions in Qe{n); the second one is the ordinary generating function for 
the number of {k, l)-noncrossing partitions of [n]. 

2.1. Enumerating partitions in Qe{n). The formula of the ordinary generating func- 
tion Ie{x) for the number of partitions in Qe{n) can be obtained as follows. From the 
definition of the set Qe{n) and from the proof of Lemma [2.21 for i < k, we obtain that 
the ordinary generating function for the number of m-increasing partitions in Qe{n) is 
given by 

m 

On the other hand, /^(x) = Ylln=oh,m{x). Combining these two equations, we obtain 

e i j 

h{x) = J2 h^x) = l + Y, Y.^-ir^K^xh{x) + 

i=0 i=l i=0 

The solution of this equation gives a formula for I(,{x), as stated in Corollary II. 2[ 

2.2. Enumerating (/c, l)-noncrossing partitions of [n]. Let Jk{x) be the ordinary 
generating function for the number of (A;, l)-noncrossing partitions of [n], that is, 

Jk{x) = Y,i^^kMx\ 

n>0 

More generally, let Jk/{x) be the ordinary generating function for the number of {k, 1)- 
noncrossing ^-increasing partitions of [n]. Then, a similar argument as in the proof of 
Lemma [2.21 gives that 

e 

(2.2) JkAx) = 5^(-l)*+'(2xJ,(x) + x^)A,^, i= 1,2,..., k-l, 

1=0 

with Jk,o{x) = 1. On the other hand, 

(2.3) JM(a:) =/+'-^Jfe,fc_i(a;), i = k, k + 1, k + 2, . . . . 

To prove this observation, let it be any {k, l)-noncrossing ^-increasing partition of 
[n] with i > k. Then 711112 ■■■ = 12 ■ ■ ■ i and vr^+i < i + 1. Since tt avoids 
12 ■ ■ ■ kl, then vr^ ^ {1, 2, ...,£ + 1 - A;} for all z > i + 1. Thus, the number of 
{k, l)-noncrossing ^-increasing partition of [n] with i > k is the same as the number 
of {k, l)-noncrossing {k — l)-increasing partition of [n — i — 1 + k]. This is equiv- 
alent to Jk,e{x) = x^^^^^Jk,k~i{x), for all £ > k. Therefore, using the fact that 
Jk{x) = X]^>o Jk/{,x), and the two equations (12.21) and (12.31) . we can write 

Jk{x) = l + Y. Y.^-ir^\ixJk{x) + x^A,, + 5^a;^+^-Vfe,fe_i(x). 
£=0 i=0 e>k 

Again, by (12. 2p . we have 

fc-l I k-l 

Jk{x) = l + Yl J2^-ly'''{^xJk{x) + x^A/ + ^ Y.^-iy^'-'itxJkix) + x')(3.,k-i. 

e=o i=0 i=0 
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The solution of this equation gives a formula for Jk{x) = ^„>o #-Mc,i(n)a;" as stated 
in Theorem 11.31 

2.3. Proof of Theorem II. IL We need some extra notation before completing the 
proof of Theorem 11.11 Let 

t=o 

and 

£>0 



From Lemma \2.2\ we can observe that 

fc-2 / e 

£=0 \ i=0 

and that 



Fk{x,l) = Fk{x] 



where Pi^e = 1 and Pi/ = £x nj=i+i(i^ — 1), for i = 0, 1, . . . , ^ — 1. Now, let us focus 
on the generating functions Fk/{x), where £>k — 1. 

Lemma 2.3. For all j > 0, 

Fk,k-i+j{x) = x^-^+^ + Y,^^^^''GKk-l+^{x) + {k- l)xGk,k-i+j{x). 

i=0 

Proof. The case j = holds on the basis of Lemma 12.11 Let us assume that j > 1 . Let 
71 = 7ii7i2 ■ ■ - TTn bc any partition in Vk,k-i+j{n) such that Hk+j = i<k — We 
want the equation of the generating function for the number of partitions in Vk,k-i+j{n), 
namely Fk,k-i+j{x). Let us consider the following two cases: 

• If 1 < ^ < j then 77 is such that tt^ ^ {i + l,i + 2, . . . , j + 1}, where p > k + l+j. 
Thus, the contribution of this case is 



x''''~\Fk,k-l+^{x) + + ■■■)= x^^'-'Gk,k-i- 



[X . 



• lij + l<i<k — 1+j then vr satisfies the above conditions if and only if the 
reduced form of vti ■ • • TTk-i+j'n'k+i+j ■ ■ ■ 7r„ is a partition in Ui>oVk,k-i+j+i{n — 1) . 
Thus, the contribution of this case is 

x{Fk,k~i+jix) + Fk,k+jix) H ) = xGk,k-i+j{x)- 

Putting together the above cases, z = 1, 2, . . . , A; — 1 + j, we obtain that 

i-i 

Fk,k-i+j{x) = x''-^+^ + Y,x^^^~'Gk,k-i+i{x) + {k- l)xGk,k-i+3{x), 

i=0 

where x^"^^-' counts the unique {k — 1 + j)-increasing partitions of [A; — 1 + j], namely 
12---(A;-l+j). □ 

Now we have a formula for the generating function Fk{x,y): 
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Proposition 2.4. We have 



1 + 



+ + - 1)^) (F^i^^ 1) - Hk{x, 1)). 



1-xy 



Proof. Lemma 12.11 together with Lemma 12.31 give 

Fkix,y) 

j=l j>k-l j>k~l 

= T^y + T.{Fk,{x) - x^)y^ 

+^ (t^ + ^ - l) [l^iFkix, 1) - Hu{x, 1)) - - Hu{x, y))) , 

which is equivalent to 

= ^ + (t^ + - 1)^) (^^(^, 1) - M^. 1)), 

as claimed. □ 



The functional equation in the statement of Proposition 12.41 can be solved systemati- 
cally using the kernel method technique (see p]). Let 

_ I - {k - 2)x - ^/{l^^^xf^^Ix^ 
y~y^~ 2x{l-{k-2)x) 

be one of the roots of the equation 1 + + ■ Then Proposition 12.41 gives 

fc— 1 

Fu{x,l) - Hu{x,l) ^ 



1 - xyk 
Therefore, Lemma [2.21 gives 

F,{x, 1) - V V(-l)^+^(^a;F,(x, 1) + x^A,, = 

which implies our main result, Theorem 11.11 
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